Science Supplementary Material 
SM358 The Quantum World 


The Open 
University 


SM358 


Further Exercises 


Contents 
Questions 1 
Answers 13 


This collection of exercises is based on a bank of questions formerly used in problem classes at Open University 
Residential Schools. The problem classes were designed to support SM358. They concentrate mainly on the first 
half of SM358, and do not include many-particle systems, entanglement or most of the Book 3 topics, but they are 
all relevant for your studies. You can use them for further practice or revision, or you can treat them as worked 
examples. 


Questions 
A: Schroédinger’s equation 


Question Al 
(a) Write down Schrédinger’s equation for a free particle of mass m. 


(b) Show that the function V(x, t) = Aexp(i(kx — wt)), where k and w are constants, satisfies the equation you 
wrote down in part (a) provided that w and k obey a relationship, which you should derive. 


Question A2 


A system with Hamiltonian operator 


is in a state described by the wave function 
V(x, t) = p(x) T(t), 


where w(2) obeys the time-independent Schrédinger equation Hu (z) = Ew(x), with energy eigenvalue E. Use 
this information to derive an expression for the time-dependent factor T(t) in the wave function. 
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B: The time-independent Schrodinger equation 


Question B1 


(a) Write down the time-independent Schrédinger equation for a particle of mass m moving in a 
one-dimensional infinite square well with potential energy equal to zero in the region —a < x < a, and infinity 
otherwise. State the boundary conditions for this equation at 7 = =a. 


(b) Show that the function 


A cos(5ra/2a) for -a<au<a, 


V(x) = 


0 otherwise 
satisfies this equation and its associated boundary conditions, and find the energy, EF’, of the corresponding state. 
(c) Find a value of the normalization constant A. 
(d) What is the probability of finding the particle in the interval —0.2a < x < 0.2a? 
You may find the following integral useful: 


nm /2 
i cos? udu = <7 forn = 1,2,3,.... 
—nr/2 2 


Question B2 


(a) Write down the time-independent Schrédinger equation for a particle of mass m moving in a 
one-dimensional infinite square well with potential energy equal to zero in the region 0 < x < L, and infinity 
otherwise. 


(b) Show that the function 
w(x) = Asin{(2mE)/*x/h] + Bcos[(2mE)/?2/h] (0 <a <L) 
is a solution inside the well, where FE is the total energy of the particle, and A and B are constants. 
(c) Deduce as much information as you can from the boundary conditions. 
(d) Find a value of the constant A which ensures that 7)(x) is normalized. 


(e) Suppose that the particle is in the second excited state. Write down the stationary-state wave function for 
this state as a function of position and time. 


(f) | Write down the probability density function for the second excited state, and determine the probability of 
finding the particle in the interval 0 < x < L/9. 


You may find the following indefinite integral useful: 
[se udu = 5u— ¢sin(2u) +C, 


where C is an arbitrary constant. 


Question B3 


(a) Write down the time-independent Schrodinger equation for a particle of mass m in a one-dimensional 
harmonic oscillator well with a force constant C’. 


(b) Show that the function w(x) = 2 exp[—x?/2a?], where a? = h//mC, is a solution of this time-independent 
Schrédinger equation. Show that the corresponding energy eigenvalue is 3/wo/2, where wo = (C/m)!/?. 


(c) Normalize the function of part (b). Write down the corresponding normalized stationary-state wave function 
for any time f. 
You may use the following integral: 


/ u” exp(—u”) du = as 


=O 


Question B4 


(a) Write down the time-independent Schrédinger equation for a particle of mass m in a well with potential 


energy function V(x) = $Cx?. 


(b) Show that the function 7)(x) = A exp(—a?/2a?), where a? = h/VmC, is a solution of this 


time-independent Schrédinger equation. Calculate the energy F in terms of the classical angular frequency, 
Wo = V C i m. 


(c) Finda constant A (in terms of a) which normalizes y(). 
(d) Is (a) an odd function, an even function, or neither? 


(e) Show that, in this well, a classical particle of mass m, with the energy F calculated in part (b), in confined to 
the region —a < xz <a. 


(f) Find the quantum mechanical probability, correct to 3 significant figures, that the particle will be found 
within the classical limits. 


You may use the integrals 


oo 1 
i] exp(—u?)du =m and i exp(—u”) du = 0.747. 
0 


—00 
C: Ejigenfunctions, expectation values and uncertainties 


Question C1 


A simple harmonic oscillator has a first excited state described by the energy eigenfunction 


(2) = N(2x/a) exp(—x*/2a"), 
where NV is a normalization constant and a is the length parameter of the oscillator. 
(a) Show that an appropriate value for N is 1/(2a,/7)!/?. 


(b) Is w(x) an odd function, an even function or neither? Show that the expectation values of x and p,. are both 
equal to zero in the state described by w(z). 


(c) Find the uncertainty in position, Ax in the state w(). 
You may find the following integrals useful: 


/ u? exp(—u?) du = ve and fl u’ exp(—u?) du = 3Vr 


—~oo —oo 


Question C2 


(a) The energy eigenfunctions in a one-dimensional symmetric well are either even or odd functions. Use this 
fact to show that (a) = 0 and (p,,) = 0 for any stationary state of a one-dimensional symmetric well. 


(b) Show that (A) is independent of time in any stationary state for any observable A. 
(c) Show that the uncertainty in the energy of a stationary state is zero. 


(d) Use the identity 


to show that (p,) = 0 for any real-valued bound-state wave function w(). You may use the fact that any 
bound-state wave function tends to zero at =Eoo. 


Question C3 


(a) Show that wy, (2) = (27)~!/? exp(ikz2) is a solution of the eigenvalue equation 


PaVke (©) = Pek, (2), 


where p,, is the momentum operator and p, is a real number. 


(b) Show that this solution is also an eigenfunction of the free-particle Hamiltonian, and that the degree of 
degeneracy is two. 


(c) Ina paragraph, explain why w,,,() cannot represent a free-particle state at any fixed time, and how the 
problem of the representation of free-particle states is resolved. 


Question C4 


A particle is confined in an infinite square well potential with walls at —L/2 and L/2. In the first excited state of 
this well, the normalized energy eigenfunction is 


we(x) = i[2sin (=) for —L/2<a< L/2, 


and is equal to zero for |x| > L/2. 
You may find the following integrals useful: 
us 3 T 
/ wsin?udu= 2 —= and i sin? udu = 7. 
= 3 2 - 
(a) Determine the expectation values (x) and (x?), and hence the uncertainty Az in the state 72. 
(b) Determine the expectation values (p,,) and (p2), and hence the uncertainty Ap, in the state 22. 


(c) Show that your answers to parts (a) and (b) are consistent with the uncertainty principle. 


D: Wave packets 


Question D1 
The state of a harmonic oscillator is described by the wave function 
W(x) = eovo(x) + citi (z) + copa(z), 


where wo(x), W(x) and we(a) are energy eigenfunctions with quantum numbers n = 0, n = 1 and n = 2, 
respectively. The corresponding energy eigenvalues are F,, = (n + 5) hwo, where w is the classical angular 
frequency. The constants cg, c, and cz satisfy the normalization condition |c¢9|? + |e1|? + |c2|? = 1. 


You may use the fact that 


t= (A+a'), 


where the constant a is the length parameter of the oscillator. 

(a) Find (2) in the given state, expressing your answer in terms of the constants a, co, c; and cy. 
(b) Evaluate your answer in the special case cy = 0. 

(c) Evaluate your answer in the special case cp = 1/ V2,c, =1 / J/2 and co = 0. 

(d) Evaluate your answer in the special case co = 1/ /2,¢1 = i/ V/2 and co = 0. 


Question D2 

In this question, 7; and wz are orthonormal energy eigenfunctions. 

(a) Attime ¢ = 0, a particle is in a state represented by a function of the form 
(2,0) = A (v1 (x) + v2(2)) , 


where A is a constant. Find the value of A, assuming it to be real and positive. What other values of A are 
possible? Do all these values correspond to the same state? 


(b) Attime t = 0, a particle is in a state represented by a function of the form 
U(x, 0) = $1 (x) + aye (x); 


Find the value of a, assuming it to be real and positive. What other values of a are consistent with the given 
information? Do all these values correspond to the same state? 
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Question D3 
The state of a particle at any time ¢ is represented by the wave packet 
1 
v2 


where w(x) and ~2(ax) are real orthonormal energy eigenfunctions with eigenvalues F, and F2 respectively 
(E, # E>). Show that the probability density is an oscillating function of time with period h/|E2 — F}|. 


V(a,t) = =e (~1 (a) exp[-ikit/h] + b2(x) exp[—iket /h)) 


Question D4 


(a) Find aconstant A that normalizes the wave packet 


U(x, 0) = Alvo(x) — 21 (2) + ivs(w)| 


where the ~,,(x) are the normalized energy eigenfunctions of the harmonic oscillator with quantum numbers 
n = 0,n = 1 and n = 3, and with energy eigenvalues E,, = (n + 5) hwo, where wy is the classical angular 
frequency of the oscillator. 


(b) What is the probability of finding the value 3/wo/2 when an energy measurement is made on this state? 
(c) What is the probability of finding the value 5fiwo/2 when an energy measurement is made on this state? 


(d) What is the probability of finding a value greater than fiw when an energy measurement is made on this 
state? 


(e) What is the expectation value of the energy for this state? 


(f) Ifa measurement of energy yields 3hwo/2 at time t = 0, what is the state of the oscillator after the 
measurement? What can be said about a subsequent energy measurement taken at t > 0 (assuming that the system 
remains undisturbed between measurements)? 


Question D5 
A particle in a one-dimensional harmonic oscillator well is represented at time t by the normalized wave packet 
1 
v6 


where E,, = (n + 4) hw and the 7,,(x) are orthonormal eigenfunctions. Determine the expectation value (E) and 
the uncertainty AF in this state, expressing your answers in terms of wo. 


V(a,t) = a (Yo(a) exp[—iEot/h] — 21 (x) exp[-iEit/h] + ib3(x) exp[-iEst/h)), 


Question D6 
A particle in a simple harmonic oscillator well with classical angular frequency wo has an initial state represented 
by 
V(x, 0) = N(2v0(x) + Y1(2)) 
where the y,,(x) are the normalized energy eigenfunctions with quantum numbers n = 0 and n = 1. 
(a) Find the positive real value of the normalization constant N. 
(b) Find the expectation value of the energy and the uncertainty in the energy for the state. 


(c) Atatime t; > 0 the energy of the particle in this state is measured. What is the probability that the value 
shu is found? 


(d) If an energy of hu is found at time t; > 0, and the energy of the particle is measured again at time 
ta > t1, what is the probability of finding the value shu at time ty? 


Question D7 


(a) Find the momentum amplitude A(x) corresponding to the normalized free-particle wave packet 


(2,0) = (.)" sep aa”), 


where a > 0 is aconstant. You may use the integral 
oe) 
/ exp(—a”/2a*) exp(—ika) dx = V2maexp(—a7k?/2) for a > 0. 
—co 


(b) Use your answer to part (a) to estimate the probability of measuring a momentum in the range 
—0.01h/a < hk < +0.01h/a, in the state described by U(x, 0). 


(c) Write down (but do not evaluate) an integral that gives the free-particle wave packet V(x, t) at any time 
t> 0. 


E: Orbital angular momentum 


Question E1 


Which of the following functions, written in Cartesian coordinates (x,y) or plane polar coordinates (r, ¢), are 
eigenfunctions of L,? 


(ij) 2 (ii) xy 
Gii) a2? +y? (iv) atiy 

(v) (x2 —iy)? (vi) r’sing 
(vii) rei? (viii) ei? +e ie 
Question E2 


(a) Write down the quantum-mechanical operator for L, in 2D polar coordinates and find its 
eigenfunctions 7)(r, ¢) and eigenvalues, using appropriate boundary conditions. 


(b) Show that the eigenfunctions are mutually orthogonal. 
At time t = 0, a particle moving in two dimensions is represented by the wave function 
V(r, ¢) = AR(r) sin(3¢), 


where A is a real positive constant and 
[oe] 
| |R(r)|? rdr =1. 
0 


(c) Find the value of the constant A. You may use the standard integral i sin?(3¢)d¢ =z. 
(d) Find the expectation value of L, for the state ~)(r, 6) by using the sandwich rule. 
(e) Express 2(r, d) as a linear combination of eigenfunctions of L ws 


(f) What are the possible outcomes of a measurement of L on the state U(r, ¢), and what are their 
probabilities? 


(g) Calculate the expectation value of DL, using your answers to part (f). 


Question E3 
In spherical coordinates the operator for the square of angular momentum is given by 

a2 oO” a) 1 @ 

L == (| tI— + —— = }. 

(= oO" 98 anee 7) 

(a) Show that this operator commutes with the operator for the z-component of angular momentum, and explain 
the significance of this. 
(b) Show that the spherical harmonic function 

Vin (9,) = Asin(26) exp(id) 
is an eigenfunction of both L z and ii and find the eigenvalues. What are the values of the quantum numbers m 
and 1? 


(c) Find the positive real value of the normalization constant A. You may use the standard integral 


[ sin? 6 cos? 6d0 = io 
0 


Question E4 
(a) Show that, for any operators, A and B, 
lA’, B] =A [A.B] ze [A.B] A. 
Given the operator 
A2 a2 -A2 -2 
Le = Lt Ly, +L, 
and the commutation relations 


[Le, Ly] = iL, 


between the operators for the components of angular momentum: 


(b) Use the result of part (a) to show that L commutes with Le. 


(c) What is the significance of the fact that the operators for the components of angular momentum do not 
commute with one another? 


(d) What is the significance of the fact that the operators for the components of angular momentum commute 
a2 
with L ? 


(e) Write down the operator for L z in spherical coordinates and state its eigenfunctions and eigenvalues. 


(f) What are the eigenvalues of iL and how many different (technically, linearly independent) eigenfunctions 
have the same eigenvalue? 


(g) Show that the function 
wW(0,¢) = Asin@ cos ¢ 


: : . a2 _~ 
is an eigenfunction of L_ but not of L,. You may use the fact that 


L =-h (se totes + ‘ 


(h) Does the answer to part (f) conflict with the answer to part (c)? 


(i) Fora state v(r,0,¢) = R(r) sin@ cos ¢ what are the possible outcomes of a measurement of L. and what 
are their probabilities? 


j) Describe the outcomes of measurin i: and iis for the state w(r, 0, iven in part (i). 
& g Pp 


F: Spin angular momentum 


Question F1 


At a fixed time, the spin state of an electron is given by the normalized spinor 


i fi 
IA) = 578 BF 


The operator for the S,, observable is 


q@ _hfo -i 
= 5 |) ale 


which has orthonormal eigenvectors 


1 fil il i 
It) =a (i) a) = san [1] 


corresponding to the eigenvalues S, = h/2 and S,, = —h/2 respectively. 


(a) What is the probability that a measurement of S,, in the state |A) will yield the value —h/2? 
(b) What are the expectation values of S,, and oF in the state | A)? 
(c) Find AS, in the state | A). 


(d) The z-component of the spin of the electron is measured and found to be —fh/2. What is the spin state 
immediately after this measurement? Write this in terms of | t,) and | |,,) as given above. What is the probability 
of getting the value S,, = —h/2 if the y-component of spin is measured immediately after the above measurement? 


Question F2 


This question is about the precession of spin in an applied magnetic field. At t = 0 an electron is initially in an 
eigenstate of S,, with eigenvalue h/2. The magnetic field has magnitude B and is directed along the z-axis. 


(a) The matrix representing S,, is 


q _hlo 1 
8-5) its 


Show that the initial eigenstate (with eigenvalue S, = h/2) can be represented by the spinor 
1 {1 
|A) initial = 91/2 H : 


(b) The Hamiltonian matrix for spin evolution is 
a a hw |1 0 


Show that the orthonormal spinors 


te) [0] and Le) = |} 


are eigenvectors of H with eigenvalues Ey = hw/2 and Eq = —hw/2, respectively. 


(c) Express the initial spinor | A) jnitiq) aS a linear superposition of | t,) and | |.) and hence write down the 
spinor |A) representing the spin state at a later time t. 


(d) At time ¢ the electron passes through a pair of Stern—Gerlach magnets to measure S,,. Find the probability 
(as a function of time) that it will be measured to have component S,, = +//2. 


Question F3 
Consider the evolution of the spin state of an electron (charge —e, mass m) in a magnetic field of magnitude B 
directed along the y-axis. The Hamiltonian matrix is 
Ea a O -i 
= ei! 
H=ws, = 5hw fe i 


and w = eB/m. 


(a) Show that the spinors 


ro-aal] 1-H 


are orthonormal. 
(b) Verify that | t,) and | |,,) are eigenvectors of H, and find the corresponding eigenvalues Ey, and Eq. 


(c) The spin state of the electron at any time ¢ is represented by the spinor 
|A) = ay exp(—iBut/h)| ty) + aa exp(—iEat/h)| Ly) 


where a, and ag are constant amplitudes. The initial state is 


i 
| A) initial = A ; 


which is an eigenstate of S. with eigenvalue sh. Evaluate a, and ag. 
(d) Calculate the probabilities that a measurement of S', at time ¢ will give the results sh and —$h. 


(e) Hence, or otherwise, show that the expectation value of measurements of S, at time t is shcos(wt). 


Question F4 


In Question F3 above, we considered the spin state of an electron in a magnetic field of magnitude B in the 
y-direction, for which the Hamiltonian operator is a= — wS8,y, where w = eB/m. 


(a) Use the generalized Ehrenfest theorem to show that 


d 
qo) = w(Sz), 


d 
Frac) = 0, 


(b) Hence show that 


qa (52) a —w?(S.). 


(c) Given that the initial state is 4 , deduce the time evolution of (S_). Is this answer consistent with the 


answer to Question F3 above? 


Question F5 


The spin operators are 


~ hfol 
8-50 Ale 


(a) Show that 
[S,,S2] = iAS,. 


(b) Calculate the expectation values of S;, S, and S, in the state represented by the spinor ie | : 


(c) Calculate the uncertainties of S;,, S,, and S, in the state represented by this spinor. 
(d) Show that your answers to part (c) satisfy the generalized uncertainty relation 
AAAB > }|((A,B])|. 


Note that there are three possible combinations of spin components here. 


G: Dirac notation 


Question G1 


Write expressions for the following in (i) the general Dirac notation, (ii) the wave mechanics notation for a particle 
in one dimension and (iii) the spinor notation for a spin-5 particle: 


(a) aket vector; 


(b) abra vector; 


(c) an inner product; 
(d) the normalization condition; 


(e) the expectation value of an observable O. 


Question G2 

Here are two equations from SM358 Book 2: 
d ewe 
—(A) = —({A,H 
= (A) = =((A, Bi), 


AAAB > 3|({A,B))| 
(a) Translate these symbols into words and compile two dictionary entries, choosing suitable headings in each 
case. 


(b) By expanding the commutators, show that 
[A, BC] =B [A, G| - [A.B] C. 


(c) Use the results of parts (a) and (b), find the product of uncertainties Ax Ap, and the derivatives d(a) /dt and 
d(p,) /dt for a free particle moving in one dimension. 
1 


(d) Repeat part (c) for a particle bound in one dimension by the potential V(x) = 5Cx". 
Question G3 


Use the expression for the time evolution of the expectation value of an observable, namely 


d oe 
a”) = i A Hl) 


to show that: 
(a) the expectation value of the energy is constant for any state; 


(b) _ the expectation value of an observable whose operator commutes with the Hamiltonian operator of a system 
is constant for any state; 


(c) the expectation value of any observable is constant for a stationary state. 


Question G4 


Suppose that the operator A for an observable A has a complete orthonormal set of eigenvectors 
lgn) (n=1,2,3,...) with corresponding eigenvalues \,,. 


(a) Write down, in Dirac notation, the expression for the expectation value of a measurement of A on any state 
W. 


(b) If any state |W) is expanded as a linear combination of the eigenstates of A, 


co 


|Y) = So ails), 


i=l 


use the expression (A) = (W|A|W) to show that 
[oe] 
(A) = 7 |ai)?As, 
i=1 


where A; is the eigenvalue corresponding to the eigenvector |¢;). 
(c) Show that the coefficients a,, defined in part (b) are given by 
an = (On|). 
(d) Write down, in Dirac notation, the overlap rule giving the probability that a measurement of the observable 
A on any state |W) yields the value ,,. Show that this probability is equal to |a,,|?. 
(e) Are the answers to parts (b) and (d) consistent? 
10 


Question G5 

(a) Write down the condition that an operator A is Hermitian in 

(i) Dirac notation; 

(ii) wave function notation for a particle in one dimension; 

(iii) spinor notation for a spin-5 particle. 

(b) Show that the operator p,, = —if(O/Ozx) in wave function notation is Hermitian. 


(c) Show that the operator 


3 0 -i 
S, = 4 | 


in spinor notation is Hermitian. 


Question G6 

Prove, using Dirac notation, that: 

(a) the eigenvalues of a Hermitian operator are real; 

(b) the eigenvectors of a Hermitian operator corresponding to different eigenvalues are orthogonal; 


(c) the expectation value of an observable represented by a Hermitian operator is real for any state. 


H: Three-dimensional systems 


Question H1 


Consider an isotropic two-dimensional harmonic oscillator defined by the potential energy function 
5 C(x? +y?) = 3Cr?. An excited state of the oscillator is represented by the normalized energy eigenfunction 


w(r,) = Ae? r exp(—r?/2a?) 
where a is a positive constant and (r, ¢) are plane polar coordinates. 


(a) Find the real positive normalization constant A. You may use the standard integral 
= 1 
i, u® exp(—u”) du = =. 
0 


(b) Determine the expectation values (L,) and (L?), and the uncertainty AL,. 


(c) What can you conclude about the outcome of a measurement of L, on an oscillator in this state? 


Question H2 
In spherical coordinates, the ground-state energy eigenfunction of a three-dimensional system is given by 
V(r,0, 0) = (1/av7)*? exp(—r?/2a”) 


where r = (a? + y? + zz) 2 and ais a positive constant. You may use the standard integrals 
[oe] 1 CO 
i u® exp(—u?) du = 5 and | u* exp(—u?) du = —4/r. 
0 0 


(a) Calculate the expectation value (r) for this state. 


(b) Evaluate (r), and hence find the uncertainty Ar. 


Question H3 


(a) Write down the time-independent Schrédinger equation and the boundary conditions for a particle of mass 
m in a three-dimensional cubic box of side L with perfectly impenetrable walls, having one corner at the origin, 
and the opposite corner at the point (L, L, L). 
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(b) Show that 
w(x, y,z) = Asin(k,x) sin(kyy) sin(k,z) 
is a solution for certain values of kz, ky and k,, and find the energy eigenvalues. 


(c) Suppose that the state at time ¢ = 0 is described by the normalized wave function 


Wy, 2/0) = sin(7az/L) sin(2ry/L) sin(27z/L) cos(4rz/L). 


4 
L3/2 
(i) What are the possible outcomes of a measurement of energy on the state, and what are their respective 
probabilities? You may use the identity 


1 
sin B cosC = 5 (sin(B + C) +sin(B—C)). 


(ii) Find U(x, y, z, t). 


Question H4 


(a) Write down the time-independent Schrédinger equation for the hydrogen atom (consisting of an electron 
charge —e and mass m) in terms of the Laplacian operator V2. You may assume that the nucleus is very massive 
and is at the origin, and that the reduced mass is equal to m. 

(b) In spherical coordinates, 


2 
eet =—5" + terms containing derivatives with respect to 6 and @. 


r dr 


Express the time-independent Schrédinger equation for spherically symmetric solutions y(r) as a differential 
equation with independent variable r. 


(c) Show that 
v(r) = Aexp(—Ar) 


. a me ; 
is a solution if \ = FI and find the energy of the state in terms of m and e. 
TTEQ 


he 
(d) Find a value of A which normalizes y(7). You may use the standard integral 


[oe] 
| we  Ci=n! Forni =—O ics, 
0 
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Answers 


A: Schrédinger’s equation 


Answer Al 
(a) The appropriate Schrédinger equation is 
h? orU _ OV 


noe | Ob 


(b) Partially differentiating U(x,t) = Aexp(i(kx — wt)) twice with respect to x, and once with respect to t 
gives 


w 

a = ikAexp(i(ka — wt)) 

2 
w 

“* — (ik)? A exp(i(ka — wt)) = —k? U(a, t) 

“ = —iwA exp(i(kax — wt)) = —iwWV(z,t). 

Substituting these results into the Schrédinger equation of part (a) gives 
hee 
Om ve 4) = ih (—iwWV (az, t)) = iwWV(z,t). 


So the given function obeys Schrédinger’s equation, provided that 


_ hk? 
a 
Answer A2 
Schr6dinger’s equation is 
a h? Pw aw 
HW(a2,t) = -—-—>~ + V(a2) V(a,t) = ih—. 
(t,t) =—p 7 ae + V(e) UEe,t) = ih 
Substituting (x,t) = (x) T(t) into both sides of this equation gives 
h? dw dT 
-—-> T(t) = ih— ; 
(--E SS + v@v@) ro =i Toe 
Using the time-independent Schrédinger equation, we then get 
ar 
Ev(e) T(t) = ih (a), 
so 
dT —ik 
— = —— LE): 
dt i) 6) 


This equation has the solution 
T(t) = Aexp(—iEt/h), 


where A is a constant, as can be confirmed by differentiating both sides with respect to t. 


B: The time-independent Schrédinger equation 


Answer B1 
(a) The appropriate time-independent Schrddinger equation is 
—-——> =ELy(x) for-—a<a<a. 
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The energy eigenfunction ~(2) is zero outside the well and must be continuous everywhere, so the associated 
boundary conditions are: 


v(a)=0 and y(-a) =0. 


There is no boundary condition for 7)’ (x) at x = -ka because the potential energy function goes to infinity at these 
points. 


(b) Inside the well, we obtain 


d(x) _ d? Sra \) _ br \? Sra \ Br \? 
age ae | A.cos (=)| =— (=) Acos (=) => (=) V(z). 


Substituting into the time-independent Schrédinger equation gives 


id (=) ve) = BY(2), 


2m \ 2a 


so the given function satisfies the equation provided that 


_ Ph (=) 25h? 


~ 9m \2a) ~ 8ma2’ 


Also, the given function satisfies the associated boundary conditions ~(+a) = Acos(+57/2) = 0. 


(c) The normalization condition requires that 


ae, « 50a . 50a 
_ 2 = 2 2 _ 2 2 
i ie \b(x) |" da = fal cos (= ) dz = |A| a cos (= ) dz. 


To carry out the integral, we make the substitution wu = 57x/2a. Then x = (2a/57)u and dx = (2a/57) du. The 
limits ¢ = ta become u = £57/2, so 
51/2 9) 9 51/2 
l= iAP f cos? u- du = =iap [ cos” udu 
—5n/2 om OT —5r/2 
2 5 
= SA)? x = =alAP. 
57 2 
Hence |A|? = 1/a. Assuming that A is real and positive, A = 1/,/a. 


(d) The probability of finding the particle in the given interval is 


0.20 1 0.2a 
Probability = i |b(ax)|? dx = -/ nue? (=) a 


—0.2a @ J_0.2a 2a 
Making once again the substitution u = 57x/2a, the limits x = +0.2a become u = +77/2, so 
1 a /2 D) 2 a/2 
Probability = — i, cos? u - = du = — cos? udu 
a J_x/2 OT OT Jn /2 
2 nr ot 
=> — X -—- =S - 
on 25 
Answer B2 
(a) 
h? dy 
dm ag? 7 EV), fordOa2< dL, 


(b) Differentiating the function 
v(x) = Asin{(2mE)!/?2/h] + Bcos|(2mE)'/2x/h] 
gives 


(2mE)}/2 


Bsin[(2mE)'/22/hi, 
14 


and differentiating again, 


TOE) _ 2M 4 sin|(2m)"/2x/h] ~ 2 B cos[(2me)!!*/ 
2nE 
2 (2). 


h2 yh? IME 


= —f 
Sm da? = Om Re Ut) = Eve), 
and so the function satisfies the time-independent Schrédinger equation. 


(c) The boundary conditions are 7)(0) = 0 and 7)(L) = 0. The boundary condition 7)(0) = 0 gives B = 0. The 
condition ~(L) = 0 gives 


1/2 
Asin js] =0 


For a non-trivial solution, A 0 and so 


(QmE)/?L 
—— = nr, 
A 
where 7 is an integer. So 
_ n2n2h2 
Im L? ? 


where 7 is an integer. So the solution for 7(z) is 
nTx 


v(x) = Asin (—) : 


The case n = 0 corresponds to the trivial solution (x) = 0, and can be ignored. Any negative integer —n gives 


the same solution as +n (apart from an irrelevant phase factor of —1), so we can restrict n to the positive integers: 


n=1,2,3,.... 


(d) The normalization condition gives 


co L 
7 Pan. yo (TE 
i= Wo) de= [ |A|* sin (= ) ae, 


since 7)(x) = 0 for x < O and for x > L. Make the substitution u = naa/L. Then dz = (L/nz) du and the 
limits of integration become u = 0 and u = nz. Using the given standard integral, we then obtain 


L nT 
L= P= f sin? udu 
nT Jo 


L ih 1 “pu 
= |A/?— x 5 — jsin2u| 
nt 


Hence |A|? = 2/L. Taking A to be real and positive, A = ,/2/L. 


(e) The second excited state corresponds to n = 3 and the corresponding stationary-state wave function is 


2 
Ws(2.t) = val) exp(—iEst/h) = yf 2 sin (7) ew (iF). 


(f) The probability density function is 
2 3 
Ws(@,)P = > sin? (==) 


So the required probability P is 
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We make the substitution u = 37x/L. Then dx = (L/37) du and the limits of integration become u = 0 and 


w=7/3. Hence 


ee ce 
~ L3n Jo 


_ 2 Dol a2 n 1, (20 
“ar (2 4° “| Sele 42 8 


sin? udu 


1 v3 
= -— — —— = 0.0652 
9 127 
Answer B3 
(a) The appropriate time-independent Schrddinger equation is 
rodeo: 1. 
-——>,+-= =E : 
a Gar + 5C2? Un) = Eve) 


(b) Differentiating 7) = x exp[—a?/2a?] with respect to x, we get 


' (x) = 1 x exp[—2?/2a7] + x (=) exp[—2?/2a?] 


~ (1 - =) exp[—2?/2a?]. 


Differentiating again, 


y= -s exp[—x?/2a7] + (1 ~ =) (=) exp[—a? /2a”] 


Substituting into the time-independent Schrédinger equation we get 
h? 3a 8 

ae | af 
Dividing through by exp[—x? /2a?] then gives 

h? 3a? 1 

sf oe | Ce = ae, 

m= ( rt) + 5Cz . 

Equating the coefficients of x on both sides gives 
h? C ie C h 

2mat = 2 2ma+ 2 —— V/mO 
Equating coefficients of x on both sides then gives 


3h? 5. jC 2 
E= = —-hy/—=- : 
Q2ma2 2 m 5 hwo 


(c) We introduce a normalization constant A so that (2) = Ax exp[—x?/2a?]. Then the normalization 


condition gives 


+00 
1 = lap f a? exp(—a?/a?) dex. 


We change the variable of integration to u = x/a. Then dz = adu and the limits of integration become u = 4 


Hence 


i= Aa? f u? exp(—u”) du = par, 
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——++ =) exp[—2? /2a?] + 5a exp|—2?/2a7] = Ex exp[—x?/2a"]. 


COO. 


Choosing A to be real and positive, 


1/2 
A (<7) | 
Abali2 


Recalling that F = 3hw 9/2, the corresponding normalized stationary-state wave function is 


2 a a ‘ 
U(a2,t) = (52) xexp (-=) exp (—#iwot) ; 


Answer B4 
(a) The appropriate time-independent Schrddinger equation is 
Pedee. 1.5 
aa a eae =E : 
sao + 5 C2? Uw) = BU(o) 


(b) Differentiating ¢)(x) = Aexp(—x?/2a?) once, 
Wi (a) = — AS exp(-2?/20”), 


and differentiating again, 
1 = 
(2) =—AS exp(—2?/2a”) — Ae (=) exp(—a /2a”) 
a a 
ell 
=A (= _ =) exp(—a”/2a”). 
Substituting into the time-independent Schrodinger equation, and cancelling the factor A exp(—a?/2a”), we 


obtain 

hi for 1 1 

—-—|—- +s —Cz7’? = E. 
2m (= a) +3 . 


Equating terms in x? gives 
h2 2 


1 h 1 
a ad =O =-C and a= 
Imat 2 Wonk a 


h 
VmC’ 
as required. Equating the constant terms gives 


ie nh {G 


~ Ima 2Vm 


The classical angular frequency is 
[C 
Wo = =. 
m 


1 
R= 5 hwo. 


So 


(c) The normalization condition is 


1= f \W(e)Pax = [AP f exp(-u?/a?) ae 


00 oe) 


We make the substitution u = x/a. Then dz = adu and the limits of integration become u = oo. So 


le \APa [ exp(—u?) du = |A|?a./z. 


Taking A to be real and positive, we get 


(5) 


(d) The function x(a) is even because 


$(—2) = Aexp(—(—2)?/a”) + Aexp(—a/a") = (a) 


for all x. 


(e) Inclassical physics, the particle is confined to the region where the kinetic energy is positive or zero. If the 


kinetic energy is zero at x = d, then the total energy E is equal to the potential energy, 3Ca’. So a classical 


particle with energy F is confined to the region —d < x < d, where E = shu — 5Cd?. So 
_ hug hh 2 
c VmC , 


So a classical particle with energy EF = shu is confined to the region —a < 4% <a. 


d2 


(f) |The quantum mechanical probability is 


a 1 a 
Probability = ap f exp(—2?/a?) dz = 
JAP f exp(-2*/a?) de = ef 


exp(—2?/a”) dx. 


We change the variable of integration to u = x/a. Then dz = adu and the limits of integration become u = 


So 


u=1 9) u=1 
af exp(—u”) du = —— exp(—u”) du 


1 
alm =——1 JT u=0 


2 
= — x 0.747 = 0.843. 
Vn 


Probability = 


C: Ejigenfunctions, expectation values and uncertainties 


Answer C1 


(a) The normalization condition gives 


re 4N2 © 
t= [ \weyPar= > [ sPexp(—z?/a?) ar. 


—co 


We change the variable of integration to u = x/a. Then dz = adu and the limits of integration become u = 4 


So 


4N2 ; co 
l=—,; a’ [ u? exp(—u”) du = 2N7ay/n. 
a —oo 


Choosing WN to be real and positive we have 


v= (a) 


(b) We have 


wa) = N (22) exp(—(-a)?/20?) = = (2) exp(?/20?) = —o(a) 


COO. 


so the energy eigenfunction (a) is an odd function (which is consistent with it being the first excited state in a 


symmetrical well). 
The expectation value of x is 


(a) =f sib(a)P ae. 
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This is equal to zero because the integrand is odd and the range of integration is centred on x = 0. The oddness of 
the integrand follows because |7(x)|? is even and x is odd: we have odd x even = odd. 


The expectation value of p, is 


(v2) = [voli ae. 


This is equal to zero because the integrand is odd and the range of integration is centred on x = 0. The oddness 
of the integrand follows because y(a) and 7*(a) are odd functions and d/dz is an odd operator: we have 
odd x odd x odd = odd. (Alternatively, differentiation of ~(x) shows that dz/da is even, and odd x even = odd). 


(c) The expectation value of x? is 


4N2 oo 2 
Gs =| a! exp (-) dz, 
ae a 


We make the substitution u = 2/a. Then dz = adu and the limits of integration become u = +00. So 
A N2 oo 3 
(a?) => a i us exp(—u?) du = (4N7a3) € vi) 
a —co 


3 
= 3/7 a? N? = 52. 
So the uncertainty in x is 


Ag = (22) — (x)? = (3/2)? a. 


Answer C2 


(a) Because the eigenfunctions y,,(a) are either even or odd functions of x, the corresponding stationary states 
W,,(x,t) = wn(x) exp(—iE,t/h) are also either even or odd functions of x. 


In a stationary state, 


i) = [. Winteviet ds =O 


—co 


because the integrand is an odd function and the range of integration is centred on x = 0. The integrand is odd 
because it is either the product of three odd functions (for odd eigenfunctions) or it is the product of one odd 
function and two even functions (for even eigenfunctions). 


Similarly, 
(oe) 
(oo) =—ih [ vh(2) up(a) dx =0, 
—oo 
because the integrand is odd and the range of integration is centred on x = 0. The integrand is odd because 


differentiating an odd function produces an even function and vice versa, so the integrand is the product of an odd 
function and an even function, which is odd. 


(b) For the stationary state V,,(2,t) = W(x) exp(—iE,t/h): 


(4) = J ux(ejexpGznt/n) Avg (v) exp(—ikut/n) de = [ o3(e) Aun(0) ae, 


which is independent of time. 


(c) For the stationary state V,,(x,t) = Wn(x) exp(—iF,t/h), with energy eigenvalue E,, 


(B) = / ” it («) bn (2) da 
: : ” Ph (2) Ey Yale) de 


=i, is WE(2) Yn (a) de = Eq. 
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Similarly: 


(Ey =f “en vey ae= / ” Uh (e) B2 da(x) da 


=p 7, U8 (2) Yn(a) de = B2. 


Hence AE = ((E) — (E)?)!/? = (E? — E?)'/? = 0. This expresses the fact that an energy measurement for a 
stationary state has a definite outcome. 


(d) Fora real wave function w: 
(ig) = ~in [ ee dz = ~in [ pee dz. 
ee? de so. Gz 


Using the identity given in the question, 


w= (8) fae (e) re <n 


since y must vanish as 7 — too. 


Answer C3 
(a) 
 d iL ; 1 : 
“Tan exp(ik,x) = tke i exp(ik, x) 
= : exp(ik, x) 
= Px (27)! 2 PUrZr), 
where pz = hky. 
(b) The free particle Hamiltonian operator is 
a ied? 
H=-— —> 
2m dau? 
and the corresponding eigenvalue equation is 
h2 d? h2 2 p.2 
- = ——(ik,)” = 


where E' = h?k? /2m. This energy eigenvalue is doubly degenerate because +|k,,| and —|k,,| both give the same 
energy. Classically, this degeneracy corresponds to particles travelling to the right and left with the same speed. 


(c) The eigenfunction ~,,, (x) cannot be normalized. We resolve this by forming normalizable linear 
superpositions over the continuum of momentum eigenfunctions. 


Answer C4 
(a) The expectation value of x is given by the sandwich integral 
fore) D) L/2 
(a= if W(x) x Wo(x) dx = ;/ zsin?(2r72/L)dx =0 
—oo L —L/2 


because the integrand is a odd function and the range of integration is centred on x = 0. (Note that the limits of 
integration change from -too in the general case to +L/2 in this particular case because 72(a) vanishes outside 
the well.) 


The expectation value of x? is given by 


oe) L/ 
(2?) = a W5(x) x? Yo(x) dx = z/ ; a” sin?(2na/L) dx = 0. 


=L/2 
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We make the substitution u = 277/L. Then, dx = (L/27) du and the limits of integration become u = £7. 


Hence 


CL ye [2 [* 
Ww) =2 (5) / wsin? udu = 25 | wu? sin? udu 


I? [ne 1 1 
= — |—— _| = |—~— —_| L? =0.0707L?. 
An EF | E co 


Therefore 
(Ax)? = (27) — (2)? = 0.070717 
and 


Az = 70.0707 L = 0.266L. 


(b) The expectation value of p, is given by the sandwich integral 


2f6? (dae ~O\. (2ne 
a= T I. sin (=) (-in-) sin (=) dx 


he On hl? . 27x 27x A 
= -—ih- — in {| —— —- 
a oT Ss Z cos Z x 


= 0, 
because the integrand is odd and the range of integration is symmetric about x = 0. 


The expectation value of p? is 


) +L/2 d2 
(po?) = 7 = sin(2mx/L)(—h’)—5 sin(27x/L) dx 
Dh2 (In\2 pth/2 
= — (=) / sin?(2ra/L) da. 
LA\L —L/2 
We make the substitution u = 27x/L. Then dz = (L/27) du and the limits of integration become u = 
we have 
oe (ir? Db. 7* Qh? (20 
DN Sef ae ass id a 
2) = (F) | sintudu ~(=)* 
Ah? x? 


1/2 
Therefore Ap; = ((v?) ~ (p.)”) = 2hn/L. 
(c) Wehave Ap, Ax = (2ha/L)(0.266L) = 1.67h, which agrees with the uncertainty principle, 
Ap, Ax > h/2. 
D: Wave packets 


Answer D1 
(a) The expectation value is given by 
_ @ = * Riu at 
Bie “3 /% (x) (A +") W(x) de. 
We have 
Au(a) = Alcowo(e) + ertn(2) + exda(2)] 
= c1Yo(x) + V2e21 (2). 


tm. So 
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So, using orthonormality, 


/ “ P@AVe\ie / ~ [eaibo ee) + eaaba la) + coho NI" [ein @) 4 2enihi (wa 


= che + V2c%4ep. 
Similarly, 
Alw(a) = A'[eovo(x) + crv (x) + covo(a)] 


= coi (x) + V2c14h2(2) + V3e23(z). 
So 


/ ” h(x) At h(a) de = / ee eer Oe On Ore eT NOR Tee NON. 


—oo —oo 
= che + V2e5c1. 
We therefore obtain 


(= a (caer + cieg + V2(cheo + cc1)) 
=a (v2 Re(«je1) +2 Re(cic2)) . 


(b) In the special case where c; = 0, we have (x) = 0. 
(c) In the special case where cp = 1/\/2, cy = 1/V/2 and cy = 0, we have (x) = 


a/V/2. 
(d) In the special case where cp = 1/2, c) = i//2 and cz = 0, we have (x) = 0. 


Answer D2 
(a) Using the coefficient rule, we have 
1 =|A/2)’ + |A?’ = ZIAP?, 
so |A|? = 4/5. If A is real and positive, we have A = \/4/5. The other possible values are (4/5)e'® where ¢ is 


real. A multiplicative phase factor e!? makes no difference to the state, so all these values correspond to the same 
state. 


(b) Using the coefficient rule, we have 
1 = (1/2)? + |al?, 


so |a|? = 3/4. If a is real and positive, we have «a = 3/2. The other possible values are (\/3/2)e!® where ¢ is 
real. Here, a is NOT a factor multiplying the whole wave function. In this case, the state is in general changed by 
changing the phase of a. 


Answer D3 
Remembering that 71 (a) and y2(2) are real, the probability density is 


WU" (a, t) U(z,t) = ; (q) exp[iEit/h] + y2 expliEot/h]) (y1 exp[-ikit/h] + 2 exp[—ikyt/h]) 
= 5(02 +8) + Svav2 (cxpli( Hy — H)t/A] + exp[—i(By — By)t/hl) 


= 5 (2 +8) + vide cos|(B2 — B1)t/h 


So the probability density varies sinusoidally with time with angular frequency w = | — F\|/h and period 


pa 2t = 2th h 
WwW |E> — Ey| |E — Fy] 
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Answer D4 
(a) The normalization condition is 


>. cae = 1, 


n 


so 
|A|? +4) Al? + |Al? =6]A)? =1. 
Hence |A|? = 1/6. Choosing A to be real and positive, the normalization constant is A = 1/6. 
(b) The probability of finding Ey = 3hwo/2 is |ay|? = 4|A|? = 2/3. 
(c) The probability of finding Fy = 5hwo/2 is |a2|? = 0. 
(d) The probability of finding a value greater than hwo is 
Jar? + |aa|? + ag? +... = 4|Al? + |AP = 5/6. 


This could also be calculated as 1 — |ao|?, because it is the probability of NOT getting the ground-state energy, 
Fug /2. 


(e) The expectation value of the energy is 


(E) = Ss Enlanl? 


1 4 1 — fl .1 4 3 er A = 5 
gH + 5A + gEs = (ga +55 + G° Z) hwo = Zhuo. 


(f) The measurement causes the wave function to collapse, so after the measurement, the state is 

w(x) exp(—iEit/h) = y1(x) exp(—i3wot/2). (The factor exp(—i3wot/2) could be omitted because overall 
multiplicative phase factors like this do not affect the state being described.) The collapsed state is a stationary 
state, and any subsequent measurement of the energy is certain to give the corresponding eigenvalue, 

Ey = 3hiw /2. 


Answer D5 


The wave packet is normalized, so the coefficient rule gives the following probabilities for energy values Eo, Fy 
and £3: 
4 


1 
Po = &> PL & P3 = 


1 
5 
Hence the expectation value of the energy is 


(E) = poEo + 1 Ei + p3B3 = % + shwo + % + Shu + FZ - $hwo = Bhwo = Zhwo. 


The expectation value of E? is 
(B= (hag b+ BB) Had = Hid 
So the uncertainty in the energy is given by 
(ABP S=()) (2? = (3 = a) hw = = hae: 


Therefore 
/29 


Answer D6 


(a) The normalization condition is )7,, lay |? =1,.s0 
[N?(4+1) =1. 
Hence |N|? = 1/5. Taking N to be real and positive, we get N = 1/\/5. 


(b) Using the coefficient rule, the probabilities of getting energies Ey = hwo/2 and EF, = 3hwo/2 are 


4 d 1 
= an =-, 
Po 5 P1 5 


So the expectation value of F is 
(E) = poEo + pi Ey = 4- drwy +b - Bhp = hun. 


The expectation value of E* is 
2 3\2 
(EB) = po + pi. Bt = (4-(4)° +4. (3)’) Mag = Br ws. 
Thus 
2 
AB = ((B%) - (B)?}? = [8 - (5) 


(c) At any time t; > 0, the wave function is 


1 j . 
W(2,t)) = = (2v0(2) eiBoti/h 4 wy (zx) sae 
V5 
, —iwoti /2 —iBwots /2 
~ (2v0(x)e 0t1/2 4 ah) (x) @3wot ) 
The probabilities of getting values Ep and EF; at a time ¢; > O are then 
2 
Po = [peter _ 4 
V5 5 
dd 2 4 
py = |—ee iBwoty/2)  __ 7 


which are the same as the probabilities at ¢ = 0. (It follows that (E) and AF are also unchanged.) The probability 
of finding Ey = 5hwo is |ao|? = 4/5. 


(d) A second measurement of energy on the same system is certain to yield the same value, as the wave function 
collapses to an eigenstate at the first measurement. So the probability is equal to 1. 


Answer D7 


(a) The momentum amplitude is given by 


A(k) = =f W(a,0) ei da 


We - Kee 
_ : ( =) / et? /20? ,—ike dz 
V2T \ aT —oo 


Using the given standard integral, we get 


Atk) = 2 (1) Vozae #2 
V2 \a/r 


a Le 21.2 
Pay ieee et k [2 
i 


(b) The small momentum range between —0.01h/a and +0.01h/a is centred on hk = 0, and has width 


dk = 0.02h/a. So the probability of getting a momentum in this range is 
02 02 

a EM 2 2 H0tis: 

Jn a Vr 


(c) Atany time t > 0, the wave function is 


U(x, t) = 7 a . A(k) exp(ika — hk?t/2m) dk 


probability = |A(0)|? 6k = 


1/2 se 
= (545) i exp(ika — k?(a? + ht/m)/2) dk. 
TT —oo 
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E: Orbital angular momentum 


Answer E1 


Using L, = —ih(«0/dy — yO/Azx) in Cartesian coordinates, and L, = —ihO/0¢ in plane polars, with x = r cos ¢ 
and y = rsin d, we have: 


(i) L. (a) = —ih (2 — i) x = ihy no 
(ii) L.(cy) =—ih Ga — i) ry = ih(x? — y”) no 
(iii) L.(2? +y’)= L.r? = ih gr? =0 yes, eigenvalue 0 
(iv) Lz (a + iy) = L.(r cos @ + isin d) = —ings (rel) =fire'® yes, eigenvalue hi 
(v) L.(a — iy)? = ing (r2e—2i¢) — —2hr2e—2i¢ yes, eigenvalue —2h 
(vi) L, (r? sind) = iA (r? sin ¢) = —ihr? cos@ no 
(vii) Lz (rei?) = ings (rel?) = fre’? yes, eigenvalue h 
(viii) Lz (el? + e710) = ings (el? +e!) = A(el? — e719) no 
Answer E2 
(a) In plane polar coordinates 
“A oO 
L, = Bry 


The eigenvalue equation, 


“ihe wW(r, @) = Lr, ?), 


has solution 
L, 
¥(7.8) = AR(r) ex (1520), 


for any function R(r). The boundary condition 
V(r, @ + 2r) = V(r, 6) 

gives 
exp(i27L,/h) = 1, 

that is 
Qn Lz /h = 20m Ga is elles se 


So 
L, = mh, 
where m is an integer, positive, negative or zero. 
The eigenfunctions are thus 
Ym(r,) = R(r) exp(imd), 
where m is an integer and R(r) is any function of r. The corresponding eigenvalues are 


L,= mh. 


(b) The orthogonality integral is 


g=2r o=20 


i wir, 0), (7,0) rdrdé = 2 A Ar) hel?) ar [ exp(i(n — m)¢) d¢. 


=0 =0 


The second integral is 


2a 1 2a 
J expliln ~ m)o) do = | —-— expli(n— m)e)] = 0 
im —m) 


form # n. Hence q,(7, ¢) is orthogonal to w,,(7, 6) form 4 n. 


(c) The normalization condition is 


p=2T 
i. _ )|?rdrd¢ =1. 
o=0 c= 


Using the integrals given in the question we have 


o=20 T=00 
l= ia? f sin? (3¢) d¢é / r|R(r)|? dr= |Al?xr, 
o=0 r=0 


so an acceptable solution is 
1 


Ve 
(d) Using the sandwich rule, 
L,) = / y*LwdVv 


A= 


-2 |" " [¢ ~ (R*(r) sin(3¢)) (-in >) (R(r) sin(3d)) r dr d¢ 


do 
ih Tr=00 g=2n 
=—— r|R(r)|? dr | 3sin(3¢) cos(3¢) d¢ 
T Jr=0 ~=0 
Bin: fs 
== : sin(6¢) d@ 


ih —2. 
mepeaks 6d)|?=-* 
= [cos(66)]3=5 
= 0, 
(e) Using Euler’s formula, 


W(0.8) = Ze R(r) sin(36) = 5 = Rr) (exp (Bid) ~ exp(—3i6)). 


(f) Since ~ is an equal mixture of two eigenfunctions of L., the probabilities of obtaining L, = 3h and 
L, = —3h are both 5: 
(g) Using the result of part (f), 
1 1 
(Lz) = 5 (3h) + 5(-3h) = 0 


which agrees with the answer to part (d). 


Answer E3 

(a) The variable @ appears in i only as ae Since Z and a commute with one another, it follows that 

Ty a —ing commutes with i This means that it is possible to find a set of functions which are simultaneous 
a“ a2 

eigenfunctions of L, and L . 

(b) 

a 0 

Lehn = ta (Asin(20) exp(id)) 


= (—ih) (i) (Asin(20) exp (i¢)) 
az AY m- 
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Also 


a af a io ; ; 
L Yin=—h (= + cot ay, Sere oT sn? 6 OP (Asin(26) exp(id)) 
= (—h*) (A) (-4 sin(2@) + 2 cot 6 cos(20) — | exp(id) 
sin 
==f7 A (- Asin(20) + pid (1 — 2sin? 6) — oe) exp(i¢d) 
sin 0 sin* 0 


= —h? A(—4sin(20) — 4 cos 6 sin 0) exp(id) 
= 6h? Asin(20) exp(id) = 6h? Yim. 
So Yim (9, ) is an eigenfunction of L z with eigenvalue f, corresponding to m = 1, and an eigenfunction of id 


with eigenvalue 6/7, corresponding to 1 = 2. 


(c) The normalization condition is 


o=20 6=n 
1 =/- | \Yiml sin 6 dé dd. 
o=0 6=0 


o=2r 
1=|aP i: sin? (20) sin 6 dO d@ 
=o Jes 


So 


=p f~ [- Asin® 6 cos? 6d do 
6= 
=srlap fo" sin? 6 cos? 6 d@ 
6=0 
44.2 
= (8r) 514 
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= — lA’. 
5 
Choosing the normalization constant A to be real and positive, 


15 
327° 


Answer E4 


(a) Expanding the commutators on the right-hand side gives 


A [A, B] + A, BI A = AAB — ABA + ABA — BAA 


(b) Using the identity that we found in part (a), and the commutation relations given in the question, we have 
AQ A Be | PR. A eee as ee 
[EL] = Lz [E.,£,| =p [E2,L,| Ly 


= -in (ff, +002) 


We have ig — iL + L, + i, Ne) 

a2 a AQ Aa AQ A AQ xX 

Pt] = (Pht + 0] + [ch 
— —ih (Lely + Ef.) +ih (Lely + £,f.) +0 
= 0, 


as required. 
(c) In general, it is not possible to find simultaneous eigenfunctions of the operators Lx Ly and iL 
a2 

(d) It is possible to find a set of states which are simultaneously eigenfunctions of Land of any one of the 
components of angular momentum. 
(e) The operator is 

“a oO 

L, = eae 
Its eigenfunctions are 

V(r, 8, @) = A f(r, 4) exp(ime) 
with corresponding eigenvalues mh, where m is an integer, positive, negative or zero. 
(f) The eigenvalues of L’ are L(1 + 1)h?, with 1 = 0, 1, 2, 3,.... For each value of J, there are (2/ + 1) different 
(technically, linearly independent) eigenfunctions, corresponding tom = —I, -1+1,...—1,0,1,...,J—1, l. 
(g) 


a oO? 0 1 @& 
L’ v(6, 4) =—W (= + cot O55 1 an? 0 53) W(O, @) 


oO 0 1 @ . 
= —f? = + cot 0-5 + a8 5) (Asin 6 cos ¢) 


1 
=—h?A (- sin @ cos @ + cot 6 cos 6 cos 6 — —> sind1cos 6) 
sin* 0 


cos? 0 
sin 0 


= —f?A (- sin 0 cos @ + cos @ — eB ge 6) 
sin 0 


ae 
=—fPA (- sin 6 cos ¢ — or!) cos 6) 


sin 0 


° 2 ra) 
= fA (- sin 6 cos @ — iis Cos 6) 
sin 0 


= 2h? Asin 0 cos ¢ = 2h? (6, @). 


a2 
So w(0, ¢) is an eigenfunction of L’ with eigenvalue 2h, which corresponds to / = 1. 


n 


L.(6,¢) = “ins (Asin 6 cos @) 


= ihAsin @sin @. 


So ~)(0, @) is not an eigenfunction of Ties 
(h) There are (2/ + 1) different (technically, linearly independent) functions with the same value of L? but 


: ; ee : ‘ : ; a2 : 
different values of L,. Any linear combination of these functions will also be an eigenfunction of L , but will not 
in general, be an eigenfunction of L,. So there is no contradiction. 
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(1) 
v(r,6, 6) = R(r) sin@ cos¢ = 5R(r) sin 8 (exp(id) + exp(—id)). 


So w is a linear combination of two eigenfunctions of Ly with eigenvalues +f and —h. These two outcomes have 
equal probabilities, namely 5: 


; a2, : ‘ ~ ; 
(j) A measurement of L’ is certain to give an outcome of 2h?, whereas a measurement of L. has possible 
outcomes of +f and —fh with equal probabilities. 


F: Spin angular momentum 


Answer F1 
“4° . . _ 1 . 
(a) The probability amplitude for measuring S,, = —5/h is 
1 1 1 1 i 
A) = ~—= |-i 1 Jo.) = — (-i+ 2i) = —. 
“4° . _ 1 . 
So the probability of measuring S,, = — zh is 
1 
A)? =—. 
\(ly A)? = 


(We can also conclude that the probability of measuring S,, = +5h is 1 — ~ = ap) 


(b) The expectation value (S,) is 
~ 1 1A .)|O —i} | 1 1 | 2 
We also have 
g_ hijo —ij fo —i] _ ffi o 
Yo 4]i Of] fi Of] 4 {0 IJ" 


h2 
4° 


So 
(alge14) = © (44) = 
Alternatively we can use the result of part (a): 
(8) (C8) HF 
For 82, the possible values are (--h/2)? = h?/4. Hence 
fir 1 ie h? 
8)= (i) (F) + Ga) GA) <7 


(c) The uncertainty in the value of S,, is 


2 2\ 1/2 1/2 
AS, = ((53) - (S,)°)? = (3 - (3) =(4-5) m= 


(d) After the measurement of S, = —$h, the state will collapse to | |~). We need to express this is as linear 
combination of | t,,) and | |,). So, let 


l12) =a ty) + | ty); 


where a and b are constants. Then 


o=(lL)=l i l= 


1 . 0 1 
b = = — |-l1 1 =—. 
So the state immediately after the measurement can be expressed as 
i 1 
a= + — . 
The probability of measuring S, = —h/2 is then 1/2. 


Answer F2 
(a) 

q Ah [0 1] {1 h fi] 1 

Selon = 575 (tof [a] = 55 [1] — gPlAimn: 
So |A) initial is an eigenvector of S. with eigenvalue sh, as required. 
(b) We have 


= hw h hw 
Alt =F lg SI fo] =F ol] =F 
and 


fly = Sfp Ot] --$ [t] =<. 


So | t,) and | |.) are eigenvectors of H = wS, with eigenvalues E, = 5hw and Ey = —shw. 


(c) By inspection 


Abn = 5 [1] = 5 [o] +e [t] = sgl 4 + Gl 


So the time evolution of the state is 


lo; lo; 
A =_- — e iEut/h + eee e iHat/h 
JA) = eel 4.) + ee TPatlh | 
1. ik «3: . 1 ev iwt/2 
= iwt/ Ite) + eel a= 5 ve : 
(d) The probability amplitude of a measurement of S,, = — sh is 


1 ee Ce eee. 1 

Ge |A)=5 [1 ae | =5 (c 78 ) = cos (5wt) . 
So the probability of a measurement of S,, = —sh is 

\(Le |A)|? = cos? (Swt) . 
Answer F3 
(a) 

1 {1 if 
wit) =5 ft -i][j]=50+0= 


(ly | Ly) = 


NlrR 
I 
J 
— 
pea 
+ 
ao 
[ | 
II 
Nle 
rr; 
— 
+ 
= 
Sinaia 
II 


(tule) =5 [t -i]|i] =30-9=0. 
30 


So| ty) and | |,,) are orthonormal. 
(b) We have 


fil) =} | H =i =i) 


and 
~ hw |0 —i} fi hw fi hw 
Bite) = 5735 0] La] au i = Sl 
So | t,) and | |,,) are eigenvectors of H= w8y with eigenvalues Ey = 5hw and Ey = —Shw. 


(c) Putting t = 0 in the expression for | A), 
|A) initial = Qu | Ty) + aa | Ly). 


So 
1 4 fl 1 
au = are |A) initial = V2 [1 —i] A = V2 
il ' 1 1 
da = (Ly |A)initial = A [-i 1] A = 5 
(d) 


|A) = ay exp(—iEut/h) | Ty) + aa exp(—ikat/h) | Ly) 


ee a ee 
=e | 1 


1 fet? 4 e4/2) — [cos(wt/2) 
_ 9 je wt/2 _ jeiwt/2| sin(wt/2) 
= cos (wt/2)| tz) + sin (wt/2) | 12). 


So the probability of a measurement S, = sh is cos? (Zwt). Similarly the probability of a measurement of 
S, = —5his sin?(Swt). (Alternatively, we could have evaluated |({, |A)|? and |({- |A)|?.) 


(e) The expectation value (S.) is 
(Sz) = (cos*(Zwt)) (Zh) + (sin?(Swt)) (—5h) 


1 
= ah (cos? (Zwt) — sin?(5wt)) 


1 
=) hcos(wt). 
Alternatively we could have used the formula 


(Sz) = (A|S.|A) 


=F [eos(t/2) sin(ae/2)] [9] [entero | 


1 
= 5h (cos”(Swt) - sin? (Swt)) 
“hcos( st) 
= ~—hAcos(uwt). 
2 
Answer F4 
(a) Wehave 


8, fi] =u [&, §,] = ine’. 


Using the generalized Ehrenfest theorem, 


S82) = = ([Be, Hi] = 4S,). 
Also 
8] [5,8] <0 


Using the generalized Ehrenfest theorem, we obtain 


45) =4 (Ba) <0 


Finally 
s., A] =u [8,8] =n, 
and using the generalized Ehrenfest theorem we have 


£(8:) = = ([8., B]) = -w(5.). 


(b) Using the results of part (a), 


(c) The general solution of the differential equation in part (b) is 


(Sz) = Acos(wt) + Bsin(wt). 


For the initial state [1 0)", the expectation value at time t = 0 is (S.)o = $f. Also the initial expectation value 
(Sz)9 = 0 and so at time t = 0 we have [(d/dt)(S_)], = 0. Using these initial conditions gives 


1 
A=-h, B=0. 
2° 0 
Hence 
1 
(53) = ghcos(wt), 


which is consistent with the answer to Question F3. 


Answer F5 
(a) 


(b) 
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(8) = All aR oy) = a0 | )=ee-9=-Fe 


(c) Since the only possible result of a measurement of the square of a spin component is zh, 


J. 
(82) = (82) = (92) = or. 


So 


(d) Taking A= S,, B = S,, the generalized uncertainty relation is 


AS, A8, > 5|([8s, 8])| 


1 1 
> =|GAS,)| = ~Al(S_,)|. 
2 5/GhS2)| = 5Al(S2)| 
This is satisfied as 


(aot) (3) = Ga") (aot) 


i.e. the equality applies in this case. 


Taking A = S,, B = S,, the generalized uncertainty relation is 
1 
This is satisfied as 


(3) (54) = (2) (#): 


with the equality applying once again. 
Finally, taking A = S,, B = S,, the generalized uncertainty relation is 


1 


This is satisfied as 


9) (38) = (2) 
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G: Dirac notation 


Answer G1 
Property Dirac Wave mechanics Spin 
ay 
Ket vector | A) W (2, t) | . | 
2 
Bra vector (Al wa 7) ai as 


Inner product (A|B) W* (x,t) (ax, t) dx ai a5 


i 
8 


Normalization (AJA) =1 / W*(z,t) V(z,t)dx=1/] [ay as =i 


Expectation value (A|O|A) 


Answer G2 


(a) Generalized Ehrenfest theorem 


aa) = 5 (AA) 


In words, the rate of change of the expectation value of an observable A is equal to the expectation value of the 
commutator between A and the Hamiltonian H divided by if. 


Generalized uncertainty principle 
saan |([.8)) 


In words, the product of the uncertainties of two observables A and B is greater than, or equal to, half the modulus 
of the expectation value of the commutator of A and B. 


(b) Expanding the right-hand side we have 
B A, C| + A, BI C = B(AC — GA) + (AB — BA)C 


— BAG - BCA + ABC - BAC 
— ABC — BCA 
- [5,86] 
(c) We have the commutation relation 
[x, Py] = ih 
So the generalized uncertainty principle gives 
irae 1. 1 
Ar Ape > 5 IMIR Bell = 5 14M) = 5h. 
For a free particle 
aS LS ee Lk oe 1 oe, A Pere 2ih ih~ 
[z, fi = Sin ES p = Ben [x, Px Pr — Ong (Dy [x, Pel a7 [x, Pz Pr) = Den Pz = me 


So using the generalized Ehrenfest theorem, 


fie = 3 (fet) = 2 


(The classical analogue is the definition of linear momentum.) 
Also, 


So using the generalized Ehrenfest theorem, 


Sp) =4 ([pafl) <0 


(The classical analogue is the conservation of linear momentum for a free particle.) 
(d) As before 


1 


(This is a general result for any system.) 


For a harmonic oscillator, 
=f a i eee —— Be 
[z, fi = cE aa += Cx | = E P| + cE 2 Cx 


ae pr 


So using the generalized Ehrenfest theorem, 


So)=3 (foal) =i 


(This result is valid for any system with potential energy function V (x).) 


Also 
~ a bs ie 1. a Th os eane! eee 
[B.. fi = B.. er 50x =— , =P] a B. 50x 
il ceee. “Bue 
=0+5C [Pe xx] 


1 AG yg TA Bas seco 
> 5¢ {x ia x] = [Px x] x} = —ihCX. 
So using the generalized Ehrenfest theorem, 


< (pn) = = ([Be A] ) =-c'@). 


i 


(This is the analogue of the classical equation of motion for a harmonic oscillator.) 


Answer G3 
(a) The operator H commutes with itself and so d(E) /dt = 0. Hence (£) is a constant for any state. 


(b) Similarly if A and H commute, d(A) /dt = 0 and so (A) is a constant for any state. 
(c) 


sia) (Ra) = (ca — ay} 


i 
For a stationary state |V,,), with H|v,,) = H,|V,); 
(AB) = (v,|AH] W,) = (W,|AAW,,) 

= (VU, |A|E,Un) = En(Un|AlW,,), 


and 


(HA) = (v,,|HA|W,,) = (W,|HAY,,) 
= (HW,,|AV,) because H is Hermitian. 
= (E,Un|AV,) = E,(V,|AV,,) because £,, is real. 
= En(Un|A|Vn), 
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where we have used the fact that His Hermitian. So 


(AH) = (HA) 


Hence (A) is a constant for a stationary state. 


Answer G4 
(a) 

(A) = (Al). 
(b) Now 


|) = $5 ail ¢i) 


a 


and 

Aldi) = Aaldi). 
So 

AW) = D> a; Aldi) = $0 adil) 
and 


(A) = (WIA|Y) = ud aj ajr i(b;\i) = = my aj ay Xj bij 
= ye a; ay Ni = > |a;|? Xi, 


as required. 
(c) Now 
|Y) = 55 ailds) 
So 
(On| WV) _ » ay (onli) = » A; Oin = = an; 


as required. 

(d) The probability of a measurement A = \,, is 
(onl ¥)? = |an?, 

using the result of part (c). 


(e) The probability of an outcome A = ,, is |a,,|? and so >, |a;|?.; is the expectation value of the 
measurement of A. This is consistent with the answer to part (b). 


Answer G5 
(a) In Dirac notation, an operator A is Hermitian if 


(q1|Aye2) = (Ads |2) for normalizable 7 and wo. 
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In one-dimensional wave mechanics, this condition is 


oe) 


[ i@ [Ave] ae =f [Reve] vale ae. 
In spinor notation, the corresponding matrix A is Hermitian if Aj; = Arges 16. IE 
A* = AT. 
(b) Using integration by parts, 
ioe) ook lee) 7 ; fa) 
i Vi (Pz v2) da =) vy (-in Zw) da 
—oo ae Le 
© OVI 
in(Wi val. - [Fb var) 
oo 0 * 
=] (-in Fw) v2 dx 
a Ox 
— i, (Dy v1) i) dz, 
where we have used the fact that 4, and w» tend to zero as x tends to too. So p,, = —ihO/Ox is a Hermitian 
operator. 
(c) 


So S, is Hermitian. 


Answer G6 


(a) If; and ¢; are eigenfunctions of a Hermitian operator A with corresponding eigenvalues ; and \,, the 
Hermitian condition for A gives 


(4;|Adi) = (Adj|qi). 


So 

(b5|Ai Gi) = (Aj 514%), 
that is 

il; |i) = AF (O51), 
thus 


(Ai — AF) (d51Gi) = 0. (*) 
Putting 7 = 7, we obtain 
(Ai — AF) (ili) = 9. 
But the inner product of any (non-zero) vector with itself is non-zero, and so 
Ai — AG = 0. 
Hence the eigenvalue .; is real. 
(b) Using the result in Equation (*) we obtain 
(Ai — Aj) (5 |Gi) = O. 
If A; A Aj, this gives 


Hence ¢; and ¢; are orthogonal. 

(c) The expectation value of an observable A is 
(A) = (UAV) 

So 
(A)* = (WAY)" = (AWW). 

Because A is Hermitian, this gives 
(A)* = (WAY) = (A). 


The condition z* = z guarantees that z is real, so the expectation value of a Hermitian operator is real. 
H: Three-dimensional systems 


Answer H1 


(a) The normalization condition is 


lee) 20 lee) 21 
1 a | |b|?r dé dr -| / A?’r? exp (—r?/a?) ddr 
0 Jo 0 Jo 


= nA | r? exp (—r?/a?) dr 
0 


(oe) 
— andra f u® exp (—u”) du, 
0 
where we have used the substitution u = r/a. The remaining integral is given in the question, so 
1 
1 =(2re* A’) (5) = qa* A’. 


Hence the real positive normalization constant is 
1 


— /maz 


(b) 
Law = =n = “ins (Aer exp(—r?/2a?)) 
= -in( i) 
= — fi. 


So w is an eigenfunction of i. with eigenvalue —fh. So the expectation values are 
(Lz)=—h, (LA =h? 
and the uncertainty is AL, = 0. Note that we could also have found the expectation values by using the sandwich 
rule. 
(c) The measurement will definitely return the value —h. 


Answer H2 


(a) The expectation value of r is given by the integral 


lo) T 2a 
(r) =| / i r|W|?r? sin 6 d¢ dé dr 
0 0 0 
ii 3 oo 7 20 re 
= (=) [ [ | r® exp (-5) sin 0 d@ dé dr 
0 0 0 
1 


3° poo 
= 4r ( ) | r? exp (—r?/a?) dr. 
av/ 7 0 
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We make the substitution u = r/a. Then r = au, dr = adu and the limits of integration become u = 0 and 
u = oo. Hence 


ie (+) [ Peet) dee = 


where we have used the first standard integral given in the question. 
(b) Similarly, 


Therefore 


(Ar)? = (7) — (r)? 


= 0.227 a7. 
Hence the uncertainty is Ar = 0.476 a. 


Answer H3 


(a) The time-independent Schrédinger equation is 


h2 Ow Ow Ow 
“om (Get at ae) a 


for O< @<L,0<y< LO<2z< FL. 


The boundary conditions are 
~(0,y,2)=0, (L,y,z) =90, 
(2,0, z) _ 0, w(x, L, z) = 0, 
v(x,y,0)=0, v(a,y, L) =0. 


(b) Now 
oP a ; 
a = 9y2 (A sin(k,x) sin(kyy) sin(k,z)) 
= —Ak? sin(k,x) sin(kyy) sin(kzz) 
= —k2y. 
There are similar equations for the y and z derivatives. Hence, substituting in the differential equation gives 
h2 


The boundary condition ~(0, y, z) = 0 is automatically satisfied. The boundary condition 7)(L, y, z) = 0 leads to 
ka L = nef, i.e. ky = ngn/L. Similarly, ky = nyt /L and kz, = nz1/L. So 


wh 


WML? 
where nz, 2, and n, are integers. If any of these integers is zero, then w(x, y, z) = 0 everywhere, which is not an 


interesting solution. If any of the integers is negative, we get the same solution as for positive integers, possibly 
multiplied by a phase factor. We can therefore restrict nz, n, and nz to be positive integers 1,2,3.... 


(nz + ny +72), 


39 


(c) (i) Using sin Bcos C = 3(sin(B + C) + sin(B — C)), 


Wir, y,2,0) =  sin(nrn/L) sin(2ry/L) {sin(67z/L) — sin(27z/L)} , 


which is a linear superposition of two energy eigenfunctions with nz = 1, ny = 2,nz = 6 and nz = 1, ny = 2, 
nz, = 2. The corresponding energies are 4177h? /2mL? and 9n7h? /2mL7?. These are the possible outcomes of a 
measurement of energy, each with probability 0.5. 


(ii) 
2 
V(r, y, 2,0) = BA sin(r2/L) sin(2ry/L){sin(6mz/L) exp(—i41 17 ht /2mL”)—sin(20z/L) exp(—i9a7 ht /2mL7)}. 
Answer H4 
(a) The time-independent Schrédinger equation is 
—— 
FeV CH) = He) = BUC. 
(b) 
h2 d? e2 
Bmp ape Pry) - reese = Ey(r). 


(c) Ifw(r) = Aexp(—Ar) then 
d d 
(ry) = AX (rexp(—r)) 
= A(1 — Ar) exp(—Ar) 
and 


2 
Sa(ry) = At Aexp(—Ar) — A(1 — Ar) exp(—Ar)} 


= A(-2\+ ?r) exp(—Ar). 


Substituting in the time-independent Schrédinger equation, we obtain 
hf e? 
—~—A(—2\ + ? —Ar) — 
2mr ( ih ear) 4negr 
Equating terms in 1/r gives 


Aexp(—Ar) = EAexp(—Ar). 


m Ar eg 
which leads to 


7 dr 0) 2’ 
as required. 
Equating constant terms gives 
he A? _ 1 met 


2m — (4g)? 2h?” 


(d) The normalization condition is 4m 5° |w(r)|?r? dr = 1. So, using the substitution 2\r = u, 


LS anlAp f exp(—2Ar)r? dr 
0 


1 (oe) 
= 47| Al? (rs / exp(—u)u? du 
m|Al? 


Choosing A to be real and positive, the normalization constant is 


ee 1 mez \3/? 
a=(5) = <2 (aa) : 
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